Published by Institute of Physics Publishing for SISSA/ISAS Received: July 4, 2003 Accepted: October 14, 2003

Closed timelike curves and holography in compact plane waves

Dominic Brecher, Philip A. DeBoer and Moshe Rozali

Department of Physics and Astronomy, University of British Columbia Vancouver, British Columbia V6T 1Z1, Canada E-mail: brecher@physics.ubc.ca, pdeboer@physics.ubc.ca,

rozali@physics.ubc.ca

David C. Page

Department of Physics and Astronomy, University of Toronto Toronto, Ontario M5S 1A7, Canada E-mail: page@physics.utoronto.ca

Abstract: We discuss plane wave backgrounds of string theory and their relation to Gödellike universes. This involves a twisted compactification along the direction of propagation of the wave, which induces closed timelike curves. We show, however, that no such curves are geodesic. The particle geodesics and the preferred holographic screens we find are qualitatively different from those in the Gödel-like universes. Of the two types of preferred screen, only one is suited to dimensional reduction and/or T-duality, and this provides a “holographic protection” of chronology. The other type of screen, relevant to an observer localized in all directions, is constructed both for the compact and non-compact plane waves, a result of possible independent interest. We comment on the consistency of field theory in such spaces, in which there are closed timelike (and null) curves but no closed timelike (or null) geodesics.

Keywords: D-branes, Penrose limit and pp-wave background, Space-Time Symmetries.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep102003031 /jhep102003031 .pdf

Contents

1. Introduction 1

2. Closed timelike curves 3 2.1 Compactified plane waves 3 2.2 The Gödel-like universe 5

3. Geodesics 6

4. Preferred holographic screens 9

5. Relation to the Gödel-like universe 12

6. Conclusions 14

1. Introduction

The four-dimensional Gödel universe [1] is a topologically trivial homogeneous space with non-zero rotation. This gives rise to some unusual properties: not only do all observers see themselves as the centre of rotation, but there exist closed timelike curves (CTCs) through every point. As an example of a space with CTCs for all times, it is unclear as to what extent Hawking’s chronology protection conjecture [2], concerning the impossibility of forming a CTC in nature, is applicable.

For this reason, the discussion of the physics of chronology protection (see, e.g., [3] for a recent review), has mostly avoided the Gödel universe. However, the discovery [4] of supersymmetric Gödel-like solutions to five-dimensional minimal supergravity, and to its eleven-dimensional M-theoretic lift, has forced the issue, at least within the string theory community. Surprisingly, these solutions to string and M-theory turn out [5, 6] to be related to another supersymmetric space of much recent interest, namely the plane wave [7]–[9], and this is the relation of interest to us here. We should also note that supergravity solutions describing supersymmetric deformations of the extreme five-dimensional Reissner- Nordstrom black hole have been studied in this context. Both of the deformations discussed in [10] — one corresponding to the rotating black hole of [11], the other to a black hole in a Gödel-like universe — have CTCs, the precise nature of which has been examined in some detail [10] and [12]–[15]. Other non-supersymmetric solutions of interest, describing black holes in a Gödel-like universe, have recently been discussed in [16].

It turns out that these Gödel-like universes (GLUs) are related to compactified plane waves (CPWs) in two different ways. The eleven-dimensional CPW, dimensionally reduced on an everywhere spacelike circle, yields a ten-dimensional GLU [6]. On the other hand, a

– 1 –

CPW in type II string theory is T-dual to a GLU times a transverse circle [5]. Depending on the specific plane wave we start with, these procedures give rise to a large variety of GLUs. In addition to the R-R fluxes typically supporting the CPW solutions, dimensionally reducing a CPW gives rise to a magnetic R-R one-form potential, whereas T-dualizing gives instead a NS-NS two-form potential. These background fluxes are needed to preserve supersymmetry, although the specific number of supersymmetries preserved is not invariant under the dimensional reduction or T-dualization.

In this paper we concentrate on the CPW side of the dual pair. We show in section 2 that there are CTCs in this set of geometries though, as for the GLU [5], these are not geodesic. This is a fact we find significant with respect to the consistency of propagation in this set of backgrounds. We proceed to construct, in section 3, the geodesics in the CPW background. These are needed in order to identify the holographic screens [17, 18] in the CPW geometry.

In section 4 we discuss the construction of lightsheets and of preferred holographic screens, in both compact and non-compact plane wave geometries. In both cases the lightsheets constructed are bounded by spatial surfaces, and the covariant entropy bound [17, 18] can be applied. Constructing a preferred holographic screen entails taking the union of these surfaces. In the non-compact case, this is a sensible thing to do and we exhibit the result, which may be of some interest in the study of plane wave holography [19]–[24]. In the compact case, however, we find that the region “enclosed” within the holographic screen is the complete spacetime. This is related to the existence of a compact direction, and not necessarily to the existence of CTCs. The interesting mechanism of “holographic protection” of chronology does not appear to be operating in this case — although all CTCs intersect the screen, they are also “enclosed” within it, in the precise sense defined by Bousso [17, 18].

In section 5, we comment on the relation to the similar analyses of the GLU performed in [5]. There are, in fact, two types of preferred holographic screen in our geometry. In addition to the ones discussed above, there are screens associated with the Kaluza-Klein zero modes which are “smeared” along the compact direction, just as in the GLU with flat transverse directions [5]. This smeared screen is the origin of the holographic screen in the GLU and we argue that similar statements are true in any backgrounds related by Kaluza-Klein dimensional reduction and/or T-duality.

Of course, in non-perturbative string theory, the GLUs and the CPWs are two descriptions of a single object. However, the approach to holography reviewed in [25] separates out the string fields into “metric” and “matter fields”, as in traditional semiclassical approaches to quantum gravity. The interplay between the backgrounds described here provides hints as to how to extend the notion of holography to string backgrounds with fluxes inherited from a higher-dimensional or T-dual metric. We discuss how the covariant entropy bounds of [17, 18] can be affected by dimensional reduction and/or T-duality^1.

We conclude in section 6 with comments on attempts to quantize particles and fields in the CPW, and the related issues in the GLU. Since the only closed geodesics in these geometries are spacelike, some of the obvious problems with defining field theory in spaces

1For a possible relation of holography with supersymmetry, see [26, 27].

– 2 – with closed timelike and/or null geodesics are avoided. In this respect, quantum field theory might be well behaved in those backgrounds. For a recent discussion of potential problems with the GLU in string theory, see [28].

While preparing this manuscript for publication, the preprint [52] appeared, which includes some results similar to those of section 3.

2. Closed timelike curves

In this section we introduce the basic spacetimes — a class of plane waves with a compact direction (CPWs), and the related Gödel-like universes (GLUs). We show that both these geometries have CTCs (as well as closed null curves). Since they are homogeneous spaces, both have CTCs through every point. We also show that none of the CTCs is a geodesic, thus avoiding some of the obvious problems such curves would generate.

2.1 Compactified plane waves The class of metrics we are interested in can be written as

ds^2_D = dudv − N∑ i=1 β^2_i ρ^2_i du^2 + N∑ i=1 ( dρ^2_i + ρ^2_i dϕ̃^2_i ) + D−2(N+1) ∑ α=1 dx^αdx^α , (2.1)

where {ρ_i, ϕ̃_i} are polar coordinates in N transverse planes, and the light-cone coordinates are u = z + t, v = z − t. We have included as many flat directions as necessary to make this a background of string (D = 10) or M-theory (D = 11).

Note that the metric is not the pure gravitational plane wave, and must be supported by various form fields. Furthermore, for D = 10, this class of backgrounds gives rise to (mass)^2 terms on the string worldsheet which are all positive. String theory on such backgrounds is well understood [8, 29], as are the effects of compactification of various spacelike circles [30].

The relationship between the plane wave and the associated GLU involves dimensional reduction or T-duality along a spatial coordinate [5, 6]. This coordinate cannot be simply z, since the Killing vector ξ_0 = ∂ ∂z = ∂ ∂u + ∂ ∂v , (2.2)

is not everywhere spacelike:

|ξ_0|^2 = 1 − N∑ i=1 β^2_i ρ^2_i . (2.3)

Instead we can use [5] the Killing vector

ξ = ξ_0 − N∑ i=1 β_i ∂ ∂ϕ̃_i ⇒ |ξ|^2 = 1 , (2.4)

which is everywhere spacelike.^2

2Such twisted compactifications of solutions of M-theory have been much studied [31]–[33], including some which give rise to CTCs.

– 3 –

Identifying points a distance 2πnR along the orbits of ξ involves the following identifications on the coordinates: (z, ϕ̃_i) ≡ (z + 2πnR, ϕ̃_i + 2πm_i − 2πnRβ_i) . (2.5) Since ξ is everywhere spacelike we can compactify or T-dualize along its orbits. To facilitate this, we define the adapted coordinates

ϕ_i = ϕ̃_i + β_iu , (2.6)

which are constant along orbits of ξ: ξ(ϕ) = 0. The z-rotation ensures that the ϕ_i have standard periodicity, the identifications becoming

(z, ϕ_i) ≡ (z + 2πnR, ϕ_i + 2πm_i) . (2.7)

In these coordinates, the metric is [5, 6]

ds^2_D = dudv − 2 N∑ i=1 β_iρ^2_i dϕ_idu + N∑ i=1 ( dρ^2_i + ρ^2_i dϕ^2_i ) + D−2(N+1) ∑ α=1 dx^αdx^α , (2.8)

where ϕ_i are angles with standard periodicity, and the Killing vector ξ is simply ξ = ∂ ∂z = ∂ ∂u + ∂ ∂v . (2.9)

Dimensional reduction or T-duality along z is now straightforward, and will be reviewed below.

We now show that there are CTCs (and closed null curves) in the above CPW, and that none of them are geodesic. Consider the curve generated by the Killing vector K = ∂ ∂z + N∑ i=1 α_i ∂ ∂ϕ_i , (2.10)

where α_i are constant.

This curve is closed if and only if the α_i are rational multiples of 1/R for each i.^3 Furthermore, this curve is timelike for sufficiently large ρ_i if α_i < 2β_i. This follows straightforwardly from the metric (2.8). The CTCs exist for

ρ^2_i > 1 (2β_i − α_i)α_i ≥ 1 β^2_i

, (2.11)

the latter inequality saturated for α_i = β_i. By picking a rational value of α_i arbitrarily close to β_i we find CTCs arbitrarily close to ρ_i = β^{−1}_i for any value of β_i. We therefore conclude that the CPWs considered here develop CTCs beyond the critical radii^4 ρ_i = β^{−1}_i . Note that closed null curves (CNCs) develop at the critical radii themselves, provided β_i is a rational multiple of 1/R.

3To see this, put the N rational multiples over a common denominator q: αi = pi/(qR), pi, q ∈ Z. Then if we travel from z to z+2πqR along the curve we get back to where we started: (z, ϕi) ≡ (z+2πqR, ϕi +2πpi).

4The surfaces of ρ = ρ_{critical} are referred to as “velocity of light surfaces” in [5].

– 4 –

It is easy to see that none of these CNCs or CTCs are geodesic since, with a dot denoting differentiation with respect to an affine parameter,

K̇^ρi + Γ^{ρi}_{bc}K^bK^c = ρ_iα_i(2β_i − α_i) , (2.12)

all other components of the geodesic equation being trivial. Only those curves with α_i = 0 or α_i = 2β_i (for all values of i) are geodesic and in these cases, we see from (2.11) that the CTCs are pushed off to infinity. One can, in fact, prove more generally that there are no closed timelike or null geodesics in the CPW, but we will postpone this proof until section 3, since we will need the explicit solution to the geodesic equations.

2.2 The Gödel-like universe

The CPW is related [5, 6] to a GLU by the closely related operations of T-duality or dimensional reduction along the orbits of the Killing vector ξ above. This is most easily achieved by rewriting the metric (2.8) in a form adapted to dimensional reduction along the orbits of ∂/∂z:

ds^2_D = − (dt + ω)^2 + N∑ i=1 ( dρ^2_i + ρ^2_i dϕ^2_i ) + D−2(N+1) ∑ α=1 dx^αdx^α + (dz − ω)^2 , (2.13)

where we define the one-form ω = ∑ i β_iρ^2_i dϕ_i . (2.14)

We therefore identify the dimensionally reduced metric as [6]

ds^2_{D−1} = − (dt + ω)^2 + N∑ i=1 ( dρ^2_i + ρ^2_i dϕ^2_i ) + D−2(N+1) ∑ α=1 dx^αdx^α , (2.15)

describing a (2N + 1)-dimensional GLU times E^{D−2(N+1)} , together with an R-R 1-form potential given by C = −ω.

If we think instead of the metric (2.8) as a CPW of type II string theory, one can T-dualize along orbits of ∂/∂z, giving [5, 6]

ds^2_D = − (dt + ω)^2 + N∑ i=1 ( dρ^2_i + ρ^2_i dϕ^2_i ) + D−2(N+1) ∑ α=1 dx^αdx^α + dz^2 , (2.16)

which is just the same GLU space as above, times the T-dual circle.^5 In addition there is a NS-NS two-form potential B = dz ∧ ω. The theory reduced on this T-dual circle is

5The four-dimensional version of this metric originally appeared in [34].

– 5 – identical to the one obtained by direct reduction of the plane wave metric, since T-duality is a symmetry of the dimensionally reduced theory. The solutions which one can generate in these ways have been extensively classified in [6].

Either way, the resulting metric clearly has CTCs generated by ∂/∂ϕ_i and, in both cases, some background fields are generated. These are required for unbroken supersymmetry.

We will see that the background fields change the behaviour of charged particles and fields. The charged objects are simply momentum modes in the CPW, and they become D0-branes if one dimensionally reduces an M-theory solution, or string winding modes in the T-dual GLU×S^1 geometry of type II string theory.

3. Geodesics

Next we discuss the geodesics in the CPW, following closely the analysis of [5]. These include the particle geodesics discussed in the T-dual picture in [5], but also trajectories of charged particles — which would be string winding modes in the discussion of [5]. We will see that the latter behave in a way qualitatively different to that of the uncharged geodesics.

The lagrangian for a particle moving in the metric (2.8) (with a dot denoting differentiation with respect to the affine parameter λ) is L = u̇v̇ − 2 ∑ i β_iρ^2_i ϕ̇_iu̇ + ∑ i ( ρ̇^2_i + ρ^2_i ϕ̇^2_i ) + P^2 = −ϵ , (3.1)

where ϵ = 0 for a null geodesic, ϵ = 1 for a timelike geodesic and ϵ = −1 for a spacelike geodesic. We have also substituted for the (D − 2(N + 1)) conserved momenta, P_α, in the flat directions, with P^2 = ∑ α P^2_α.

There are a further N + 2 conserved quantities coming from the Killing vectors ∂/∂u, ∂/∂v and ∂/∂ϕ_i, the associated geodesic equations being ∂L ∂v̇ = P_− ≡ 1 2 (P_z + E), ∂L ∂u̇ = P_+ ≡ 1 2 (P_z − E), ∂L ∂ϕ̇_i = 2L_i , (3.2)

where, since z is compact, we will ultimately be interested in taking P_z = n for some integer n. Inverting these relations gives

u̇ = P_−, v̇ = P_+ + 2 ∑ i ( β_iL_i + P_−β^2_i ρ^2_i ) , ϕ̇_i = L_i ρ^2_i

+ β_iP_− , (3.3)

and the resulting constraint for the radial coordinates is

P_− ( P_+ + 2 ∑ i β_iL_i ) + ∑ i ( ρ̇^2_i + β^2_i P^2_−ρ^2_i +

L^2_i ρ^2_i ) = −(ϵ + P^2) . (3.4)

– 6 –

The radial equations are

ρ̈_i = 1 ρ_i ( L_i ρ_i − β_iP_−ρ_i ) ( L_i ρ_i + β_iP_−ρ_i ) , (3.5)

and, since the space is homogeneous, with no loss of generality we need consider only those geodesics which pass through the origin of our coordinate system. Just as in the GLU [5], it is clear from the form of the effective potential in (3.4) that this requires L_i = 0. We therefore obtain the following simple solutions for the radii:

ρ_i(λ) = ρ^{max}_i sin(β_iP_−λ) , (3.6)

where we have chosen those geodesics which pass through the origin at λ = 0. Solving (3.3) for the remaining coordinates then gives

t(λ) = t^{(0)} + E 2 λ − 1 2 ∑ i β_i(ρ^{max}_i )^2 ( β_iP_−λ − 1 2 sin(2β_iP_−λ) ) , z(λ) = z^{(0)} + P_z 2 λ + 1 2 ∑ i β_i(ρ^{max}_i )^2 ( β_iP_−λ − 1 2 sin(2β_iP_−λ) ) , ϕ_i(λ) = ϕ^{(0)}_i + β_iP_−λ . (3.7)

The behaviour of the geodesics is similar to those in the GLU [5]. They spiral out from the origin, approach some maximum radius, ρ^{max}_i , when λ = π/(2β_iP_−), and re-focus back at the origin in another π/(2β_iP_−) of affine distance. One can also see that t is not a good affine parameter for these geodesics. The important difference, however, is the value of the maximum radii for timelike and null geodesics. We now show that these geodesics can probe the region beyond the critical radii where the CTCs develop.

The constraint (3.4) with L_i = 0 can be used to put limits on ρ^{max}_i . Consider for simplicity the geodesics which remain at the origin for all the planes but one,^6, that is ρ^{max}_i = 0 for i ≠ 1. Then, denoting β_1 = β and ρ^{max}_1 = ρ_{max}, we have

ρ_{max} = 1 β √ −(ϵ + P^2 + P_+P_−) P^2_−

. (3.8)

It is clear that ρ_{max} is largest (for causal propagation) when the geodesics are null, for which ϵ = 0, and have vanishing momenta in the flat directions. For those geodesics one obtains ρ_{max} = α β = 1 β √ E − P_z E + P_z , (3.9)

where we have defined α = √ −P_+/P_−. Note that |P_z| ≤ E gives 0 ≤ α < ∞.

The behaviour of the geodesics in the {t, ρ, ϕ} directions in shown in figure 1 where in this, and all other, plots we have used the dimensionless variables βP_−λ, βt, βz and βρ. The Kaluza-Klein zero modes, with P_z = 0 (α = 1), reach a maximum radius of β^{−1}, just as in the discussion of the GLU [5]. However, the non-zero modes, with P_z < 0, have

6In the spherically symmetric case, for which βi = β ∀i, other geodesics are related to these by symmetry generators.

– 7 – t^{(0)} + π/2

ρ ϕ

t^{(0)} ρ = ∞

ρ = β^{−1}

ρ = 0 z^{(0)} + π/2

z^{(0)}

Figure 1: Null geodesics for different values of α are plotted as thick green lines. Starting at some t = t_0, they re-focus at t = t^{(0)} + π/2, reaching a maximal radius when λ = π/(2βP_−). For α > 1, geodesics can probe radii at which CTCs appear, represented by the blue circle of radius ρ = β^{−1}.

Figure 2: Geodesics for values of α are plotted as thick green lines. Starting at ρ = 0 and z = z^{(0)}, they re-focus at ρ = 0, z = z^{(0)} + π/2, reaching a maximal radius for λ = π/(2βP_−). For α > 1, geodesics can probe radii at which CTCs appear, represented by the blue circle at ρ = β^{−1}.

ρ_{max} > β^{−1}. We therefore conclude that on-shell physical trajectories can probe those regions of spacetime in which CTCs appear. Indeed, for α large enough, the trajectories actually run backwards in time for some range of affine parameter.

Of course, the geodesics also move in the (compact) z direction, and we exhibit this motion in figure 2, where z runs around the circle, and ρ along the axes of the cylinder. Each point on the surface of this cylinder is a circle of radius ρ. Note that the period of βz is 2πβR, βR being a dimensionless parameter characterizing the geometry. For the purposes of this, and all other, plots, we have (arbitrarily) chosen βR = 1.

The maximal radii for causal propagation depend on the Kaluza-Klein momentum P_z. This is represented in the reduced Gödel metric as an electric charge. The null geodesics in the CPW geometry would appear timelike in the reduced GLU geometry, representing trajectories of massive BPS particles. The interaction with the background magnetic field will be responsible for the different behaviour in that language.

Having found the general geodesic in the CPW, we can now prove that there are no closed timelike or null geodesics in this background. To see this, consider the identification of coordinates in the CPW: (u, v, ϕ_i) ≡ (u + 2πnR, v + 2πnR, ϕ_i + 2πm_i) . (3.10) Due to the homogeneity of the geometry it is sufficient to consider a timelike or null geodesic starting from (u, v, ρ, ϕ_i) = (0, 0, 0, 0), as above. The question is then whether this geodesic can pass through the point (2πnR, 2πnR, 0, 2πm_i). Given the equations for geodesics, (3.6)

– 8 – and (3.7), this would require P_−λ = 2πnR P_−βλ = 2πm_i − (ϵ + P^2)λ P_− = 2πnR = P_−λ . (3.11)

Note that the second equation requires β to be a rational multiple of 1/R — this is not required for CTCs but is necessary for closed geodesics. The third equation gives −ϵ = P^2_− + P^2, which can never be satisfied for timelike geodesics, and can only be satisfied for null geodesics when P_− = P^2 = 0, which does not lead to a closed geodesic. Thus, the only closed geodesics are spacelike as promised.

4. Preferred holographic screens

To construct the preferred holographic screens, we first discuss the construction of lightsheets and their bounding surfaces. As the geometry can be made only mildly curved, it is a perfect candidate for application of the ideas of [17, 18].

Since the space is homogeneous, we can concentrate on screens constructed from geodesics which emanate from the point we call our origin. The resulting screens will be observer-dependent. The holographic screen [17, 18] is defined by taking a congruence of future- or past-directed null geodesics at each point on the observer’s worldline, and following them along the direction in which the expansion θ of that congruence is positive. To construct a preferred screen, we terminate the geodesics at the points for which θ vanishes.

We first discuss the construction for a fixed point in time along the observer’s worldline. This results in a light-sheet for the observer. The covariant entropy bound [17] states that the entropy on this light sheet is bounded by the area of the orthogonal spatial surface^7 for which θ = 0. The holographic screen is then simply the union of these surfaces for each point in time along the observer’s worldline.

To simplify matters, we set β_i = β ∀i and introduce an overall radial coordinate r^2 = ∑ i ρ^2_i and some angles θ_m, m = 1, . . . , N − 1 to replace the ρ_i. We write ρ_i = rρ̂_i where the direction cosines satisfy ∑ i ρ̂^2_i = 1. In this coordinate system, the geodesics discussed above, namely the future-directed null geodesics which pass through the origin and which vary only in one plane, have θ_m = constant and

r(λ) = 1 β √ α^2 −

P^2 P^2_− sin(βP_−λ) . (4.1)

The above construction entails sending out null geodesics from the origin at each moment in time and in all directions. For fixed t, the surfaces at constant λ will thus be codimension two, as required. We terminate the geodesics when θ = 0. Let us now drop

7We refer to a codimension one object as a “screen”, and a codimension two object as a “surface”.

– 9 – the flat directions, taking d to be the dimension of the resulting GLU space.^8 Then the surface at θ = 0 is parameterized by the d − 2 directions in which the geodesics can leave the origin. By construction, a set of coordinates for this surface is given by {α, θ_m, ϕ^{(0)}_i }. Coordinates on the screen are then {t^{(0)}, α, θ_m, ϕ^{(0)}_i }. One can, of course, compute θ in any coordinate system, but it is easiest to use these coordinates, which are adapted to the null congruence.

We are free to set P_− = 1 by rescaling λ,^9 in which case the spacetime metric is

ds^2 = −(1 + α^2)dt^{(0)}dλ − (dt^{(0)})^2 − 2 α β sin(βλ) × × ( cos(βλ)dα + α sin(βλ) N∑ i=1 ρ̂^2_i dϕ^{(0)}_i ) dt^{(0)} + sin^2(βλ)

β^2 ( dα^2 + α^2dΩ^2_{d−3} ) . (4.2)

Note that the tangent ξ = ∂ ∂λ , (4.3)

to the geodesics is manifestly null, and that the coordinates on the surface θ = 0, to be exhibited shortly, are manifestly orthogonal to this tangent.

The expansion of the congruence is particularly simple:

θ = D · ξ = (d − 2)β cot(βλ) , (4.4)

so that the surface for which θ = 0 is thus defined by λ = 1 β π 2 . (4.5)

In terms of the original coordinates a point on the surface is given by

z = z^{(0)} + 1 β π 4 , r = α β , ϕ_i = ϕ^{(0)}_i + π 2 , θ_m = constant . (4.6)

The induced metric on the holographic screen is given by substituting the condition (4.5) on λ into the metric (4.2), giving

ds^2 | screen = −(dt

(0))^2 − 2α^2β N∑ i=1 ρ̂^2_i dϕ^{(0)}_i dt^{(0)} + dα^2 + α^2dΩ^2_{d−3} , (4.7)

where we have rescaled α by β. The screen has lorentzian signature, with each spacelike slice at constant t^{(0)} being flat E^{d−2} , α acting as the radial coordinate in this space. It seems to exhibit rotation, but defining the coordinates

ϕ̂^{(0)}_i = ϕ^{(0)}_i − βt^{(0)} , (4.8)

8We can easily construct a screen relevant to an observer delocalized in the flat directions, by taking P^2 = 0 and then smearing over these directions. (What we mean by this process of smearing will be discussed in the following section.) Accounting for non-zero P^2 complicates matters considerably, as in the analysis of [5] for the GLU.

9One can show that the location of the surface θ = 0 is independent of the choice of λ under such rescalings.

– 10 – r = ∞

r = β^{−1}

r = 0

z^{(0)} − 2π z^{(0)} z^{(0)} + π/4

Figure 3: The holographic screen is shown in red, α being the coordinate along this line of constant z = z^{(0)} + π/4, and each point being a sphere of radius r. Geodesics for different values of α are again plotted as thick green lines, starting from the origin at z = z^{(0)}. For constant r, the screen is just a point in the z direction. To discuss the compact plane wave (with β = 1/R), we simply identify z = z^{(0)} with the dotted lines z = z^{(0)} ± 2nπ. In this case, the blue line represents the projection of a CTC into the {r, z} plane.

gives ds^2 | |_{screen} = −(1 + α^2β^2)(dt^{(0)})^2 + dα^2 + α^2dΩ^2_{d−3} , (4.9)

where now the (d−3)-sphere is parameterized by {ϕ̂^{(0)}_i , θ_m}. For small α, the induced metric is that of flat Minkowski space. Note that the area of the surface bounding the lightsheet, at constant t^{(0)}, is infinite; it is just flat space. The covariant entropy bound [17, 18] thus implies that the entropy enclosed on the lightsheet can be infinite, as in AdS and Minkowski space, but unlike deSitter space.

To picture the holographic screen in spacetime, it is useful to first consider the case of the non-compact plane wave (the compact case can then be analysed by identifying points the z direction). Indeed, given the difficulties in understanding holography in the plane wave [19]–[24], this is a useful exercise in itself. All the previous analysis can be applied directly to the non-compact plane wave. In particular, the expressions (3.6), (3.7) and (4.4) for the null geodesic congruence and its expansion remain valid. Of course, there are no issues concerning chronology protection in this case since the non-compact plane wave does not contain CTCs.

Figure 3 shows the preferred holographic screen in the non-compact geometry. Since the screen extends over the entire range of the angular coordinates {ϕ_i, θ_m} and time t, we are only concerned with its position in the r and z directions. It is represented by the red line, parameterized by the coordinate α. The thick green lines are the null geodesics which terminate at the screen, at a value of λ given by (4.5). At fixed t^{(0)}, these geodesics form one of the lightsheets for the screen, and it is easy to see that taking the collection of these

– 11 – lightsheets for all t^{(0)} fills the entire region to the left of the screen; it is just the region z < π/4. We could alternatively consider the lightsheets which terminate at the caustic z = z^{(0)} + π/2. These would cover the region z > π/4.

When discussing the non-compact plane wave, one might prefer to construct the holographic screen in light-cone coordinates, using u^{(0)} = ( z^{(0)} + t^{(0)} ) /2 as the time coordinate on the screen. In these coordinates, the condition (4.5) for vanishing θ still holds. The induced metric on the screen is

ds^2 | |_{screen} = −α^2β^2(du^{(0)})^2 + dα^2 + α^2dΩ^2_{d−3} , (4.10)

and a point on the surface of the screen is given by

v = v^{(0)}, r = α β , ϕ_i = ϕ^{(0)}_i + π 2 , θ_m = constant . (4.11)

If we replace z with v in figure 3, and move the screen to v^{(0)}, then a similar picture would still be valid.

It would be interesting to find a relation between this preferred screen and the boundary of the plane wave, which was found to be a null line in [22, 23].

The case of the compact plane wave is more complex. To discuss this (for the case β = 1/R), we simply identify the lines z = z^{(0)} + 2πn. Then circles on the cylinder at constant r > β^{−1} will be the projection into the {r, z} plane of one of the CTCs discussed in section 2.

In the GLU, as in other interesting geometries, the surface θ = 0 encloses a region of space, so that the spacelike projection of [17, 18] can be applied. In this sense, the concept of holographic protection of chronology is quite appealing: spatial sections of the screen (surfaces) should encode all information, or degrees of freedom, within a volume of space. An holographic theory on the screen would describe physics in a region of spacetime which does not contain CTCs.

In our case, it is easy to see that any point in spacetime is “enclosed” within the holographic screen. The collection of lightsheets shown in figure 3 for the CPW covers the whole of spacetime. Thus, the region “cut out” by the screen is not free of causal ambiguity. Holographic protection of chronology in this case does not appear to be in operation.

5. Relation to the Gödel-like universe

When the geometry contains a Killing vector along a possibly compact direction, as in the GLU with flat transverse directions [5], there are at least two types of lightsheet and screen one can discuss. The first is that which we have constructed above, and is relevant to an observer localized in all directions. It is not translationally invariant along the compact direction, so it is difficult to see how it is connected to the lower-dimensional screen in the GLU.

However, as in [5], one may also contemplate “smearing” in the compact directions. These latter screens are constructed by taking α = 1 or P_z = 0, i.e., for the Kaluza-Klein

– 12 – zero modes. Of course, α is then no longer any use as a coordinate along the screen, but since ( ∂ ∂z^{(0)} , ξ ) = ( ∂ ∂z , ξ ) = 1 2 (1 − α^2) , (5.1)

the vector ∂/∂z_0 is orthogonal to the tangent ξ when α = 1. For these light rays, z_0 replaces α as a coordinate on the screen. Working with these coordinates, one finds that the expansion is given by θ = ( (d − 3) − (d − 2)β^2r^2 ) r √ 1 − β^2r^2

, (5.2)

so that r = √ d − 3 d − 2 1 β < 1 β ⇔ sin(βλ) = √ d − 3 d − 2 , (5.3)

is the surface θ = 0. The smeared screen thus provides a manifest holographic protection of chronology. Note also that, unlike the unsmeared case, all null geodesics intersect the smeared screen precisely twice in each cycle (as λ runs from 0 to π/(2βP_−)).

It is only this smeared screen which is relevant to the GLU. It is translationally invariant along z, so can be dimensionally reduced in the usual manner. Indeed, it is easy to see that the induced metric on the smeared screen is

ds^2 | screen = − ( dt^{(0)} + 1 β d − 3 d − 2 N∑ i=1 ρ̂^2_i dϕ^{(0)}_i

)_2 + 1 β^2 d − 3 d − 2 dΩ^2_{d−3} +

+ ( dz^{(0)} − 1 β d − 3 d − 2 N∑ i=1 ρ̂^2_i dϕ^{(0)}_i

)_2

, (5.4)

which one can dimensionally reduce along z^{(0)} to give the induced metric on the screen in the GLU [5], or T-dualize to give the induced metric on the smeared screen in the GLU times a circle.

A similar structure exists for a more general Kaluza-Klein dimensional reduction. Denoting the (D − 1)-dimensional coordinates by x^a, the z equation of motion for a particle moving in the D-dimensional metric

ds^2_D = e^{2αϕ}ds^2_{D−1} + e^{2βϕ}(dz + A)^2 , (5.5)

is ż = e^{−2βϕ}P_z − A_aẋ^a. The vector tangent to a null geodesic (in the higher dimensional sense) will have the form ξ = ẋ^a ∂ ∂x^a + ż ∂ ∂z , (5.6)

so that ( ∂ ∂z^{(0)} , ξ ) = ( ∂ ∂z , ξ ) = P_z . (5.7)

The localized screen, the position of which varies in the z direction, is parameterized by P_z . There also exists a smeared screen, however, which is parameterized by z^{(0)}, and for which P_z = 0.

– 13 –

The induced metric on the smeared screen is a generalization of (5.4):

ds^2_D | |_{screenD} = e^{2αϕ} ds^2_{D−1} | |_{screenD−1} + e^{2βϕ}(dz^{(0)} + A)^2 , (5.8)

where the fields ϕ and A should be evaluated on the (D − 1)-dimensional screen. We see that the areas of the screens in the corresponding Planck units behaves simply under dimensional reduction, if the higher dimensional screen is smeared. Similar comments apply to geometries related by T-duality in which, at least for the case at hand, one can think of the Kaluza-Klein vector as the z components of the B-field. We note that the lower dimensional Planck scale is determined at the screen’s location, in case the dilaton varies.

The relation between the localized screens in D and D − 1 dimensions (or equivalently between the localized screen and its smeared version) is unclear. In particular, the entropy bound derived from the lower dimensional surfaces (i.e. sections of the corresponding screen) may be stronger or weaker than the covariant entropy bound of the full geometry. One may be tempted to regard the lower dimensional version as more coarse grained and the associated entropy as excluding the massive Kaluza-Klein modes; it would be useful to make this more precise.

6. Conclusions

Perhaps the most interesting question concerning the spaces which we have been discussing is whether string theory can, in some sense, “cope” with CTCs. Certainly, the very existence of highly supersymmetric string backgrounds with CTCs suggests that such geometries should not a priori be excluded from acceptable string vacua without a concrete physical reason. In the present context, due to special features of these backgrounds, it is still unclear as to whether quantum field theory, or string theory, can be consistently defined.^{10}

Neither the GLU nor the CPW are globally hyperbolic, the classical Cauchy problem being ill-posed in both spaces.^{11} As in AdS spaces, one possible approach to define dynamics on such a spacetime is to supplement the initial conditions with some boundary data. The crucial issue is whether there exists a choice of such boundary conditions which renders the resulting propagation consistent.

Unlike the AdS case, here the surface on which to define boundary data is most naturally the Cauchy horizon. Such a prescription in other instances leads to instabilities, e.g., for the Cauchy horizon in the interior of generic black holes [41]–[43]. Here no such

10For various efforts in the four-dimensional context, see [35, 36].

11In the GLU, this is intimately related to the existence of CTCs, but the lack of a Cauchy surface in the case of the CPW runs deeper: even the uncompactified plane wave, with no CTCs, is not globally hyperbolic [37]. Defining quantum field theory on this space is thus a somewhat subtle issue. The surface u = constant can be used as a substitute Cauchy surface as in, e.g., [38]. This fails to capture only those geodesics which travel parallel to the wave [39]. Alternatively, as we are arguing here, one can impose a cutoff on the transverse coordinates, leaving a patch of spacetime for which the classical Cauchy problem is well-defined [40].

– 14 – instabilities manifest themselves. This is related primarily to two important facts: the spectrum of matter fluctuations is discrete (a fact inherited from the plane wave), and the CTCs are not geodesics.

One can, for example, expect the energy-momentum tensor of matter fields to diverge at the Cauchy horizon. This is not expected to be the case here, as the spectrum of modes is discrete. Related to that, a possible classical super-radiance phenomena would be a signal of instability. This requires separation of modes into incoming and outgoing, which is unnatural in a plane wave geometry.

In case of geodesic CTCs, such as in flat space with compact time, one can easily construct problematic amplitudes using the fact that CTCs dominate some quantum amplitudes in a semi-classical approximation. In our case, it is not clear that the presence of off-shell trajectories which are CTCs generates any problem for quantum mechanics in this space.

Recently, practical methods have been developed to deal with the CTCs present in certain orbifolds [44]. Although interesting, it is not clear as to what extent such methods would be applicable here: much use is made of the covering space of the orbifold, a notion which does not generalize to the case at hand.

Alternatively [45], at least in the case of the GLU [46, 47], one can analytically continue to the euclidean regime and use the techniques of euclidean field theory. Results thereby obtained can be analytically continued back to the lorentzian regime to obtain information about quantum fields in the original space. For additional discussion of QFT in non-globally hyperbolic spaces see, e.g., [48]–[50].

Using holography in these backgrounds is appealing, especially due to the need to carve out a finite region of spacetime in order to define the dynamics uniquely. However, at least in one example, we have found that the concept of “holographic protection” of chronology appears to be inadequate. It would be interesting to examine further, and in more generality, the connections between the concepts of holography and chronology protection. It would also be of interest to examine more quantatively how the processes of dimensional reduction and/or T-duality affect the covariant entropy bounds of Bousso [17, 18].

One may be tempted to use relations to uncompactified plane waves, or to AdS [51], to find the holographic theory living on the screens directly. Such attempts are not straightforward, as is demonstrated by our lack of understanding of plane wave holography [19]–[24].

Acknowledgments

We are grateful to Ed Boyda for correspondence, and would like to thank Rob Myers, Kristin Schleich, Gordon Semenoff, Bill Unruh, Uday Varadarajan and Don Witt for useful conversations. D.B. also thanks Paul Saffin for early collaboration and Joan Simón for useful correspondence concerning CTCs in CPWs. D.C.P. thanks Dumitru Astefanesei, Kazuo Hosomichi, Amanda Peet, Simon Ross and Konstantin Savvidis, and is grateful to the Perimeter Institute for hospitality during the completion of this paper. This work is supported in part by NSERC, and DCP is funded by Ontario PREA.

– 15 –

References

[1] K. Gödel, An example of a new type of cosmological solutions of Einstein’s field equations of graviation, Rev. Mod. Phys. 21 (1949) 447.

[2] S.W. Hawking, The chronology protection conjecture, Phys. Rev. D 46 (1992) 603. [3] M. Visser, The quantum physics of chronology protection, gr-qc/0204022. [4] J.P. Gauntlett, J.B. Gutowski, C.M. Hull, S. Pakis and H.S. Reall, All supersymmetric solutions of minimal supergravity in five dimensions, Class. and Quant. Grav. 20 (2003) 4587 [hep-th/0209114].

[5] E.K. Boyda, S. Ganguli, P. Hořava and U. Varadarajan, Holographic protection of chronology in universes of the goedel type, Phys. Rev. D 67 (2003) 106003 [hep-th/0212087].

[6] T. Harmark and T. Takayanagi, Supersymmetric goedel universes in string theory, Nucl.

Phys. B 662 (2003) 3 [hep-th/0301206].

[7] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242].

[8] R. R. Metsaev. Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Phys. Lett. B 625 (2002) 70 [hep-th/0112044].

[9] D. Berenstein, J. Maldacena, and H. Nastase. Strings in flat space and pp waves from N = 4 Super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[10] C.A.R. Herdeiro, Spinning deformations of the D1-D5 system and a geometric resolution of closed timelike curves, hep-th/0212002.

[11] J.C. Breckenridge, R.C. Myers, A.W. Peet and C. Vafa D-branes and spinning black holes Phys. Lett. B 391 (1997) 93 [hep-th/9602065].

[12] G.W. Gibbons and C.A.R. Herdeiro, Supersymmetric rotating black holes and causality violation, Class. and Quant. Grav. 16 (1999) 3619 [hep-th/9906098].

[13] C.A.R. Herdeiro, Special properties of five dimensional BPS rotating black holes, Nucl. Phys.

B 582 (2000) 363 [hep-th/0003063].

[14] L. Järv and C.V. Johnson, Rotating black holes, closed time-like curves, thermodynamics and the enhancon mechanism, Phys. Rev. D 67 (2003) 066003 [hep-th/0211097].

[15] L. Dyson, Chronology protection in string theory, hep-th/0302052. [16] E.G. Gimon and A. Hashimoto, Black holes in Gödel universes and PP-waves, Phys. Rev.

Lett. 91 (2003) 021601 [hep-th/0304181].

[17] R. Bousso, A covariant entropy conjecture, J. High Energy Phys. 07 (1999) 004 [hep-th/9905177].

[18] R. Bousso, Holography in general space-times, J. High Energy Phys. 06 (1999) 028 [hep-th/9906022].

[19] S.R. Das, C. Gomez and S.-J. Rey, Penrose limit, spontaneous symmetry breaking and holography in PP-wave background, Phys. Rev. D 66 (2002) 046002 [hep-th/0203164].

[20] E. Kiritsis and B. Pioline, Strings in homogeneous gravitational waves and null holography, J.

High Energy Phys. 08 (2002) 048 [hep-th/0204004].

– 16 –

[21] R.G. Leigh, K. Okuyama and M. Rozali, PP-waves and holography, Phys. Rev. D 66 (2002) 046004 [hep-th/0204026].

[22] D. Berenstein and H. Nastase, On lightcone string field theory from super Yang-Mills and holography, hep-th/0205048.

[23] D. Marolf and S.F. Ross, Plane waves: to infinity and beyond!, Class. and Quant. Grav. 19 (2002) 6289 [hep-th/0208197].

[24] N. Mann and J. Polchinski, AdS holography in the Penrose limit, hep-th/0305230. [25] R. Bousso, The holographic principle, Rev. Mod. Phys. 74 (2002) 825 [hep-th/0203101]. [26] T. Banks, SUSY and the holographic screens, hep-th/0305163. [27] T. Banks, A critique of pure string theory: heterodox opinions of diverse dimensions,

hep-th/0306074.

[28] N. Drukker, B. Fiol and J. Simón, Gödel’s universe in a supertube shroud, hep-th/0306057. [29] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[30] J. Michelson, (twisted) toroidal compactification of PP-waves, Phys. Rev. D 66 (2002) 066002 [hep-th/0203140].

[31] J. Figueroa-O’Farrill and J. Simón, Generalized supersymmetric fluxbranes, J. High Energy Phys. 12 (2001) 011 [hep-th/0110170].

[32] J. Figueroa-O’Farrill and J. Simón, Supersymmetric Kaluza-Klein reductions of M2 and M5 branes, Adv. Theor. Math. Phys. 6 (2003) 703 [hep-th/0208107].

[33] J. Figueroa-O’Farrill and J. Simón, Supersymmetric Kaluza-Klein reductions of M-waves and MKK-monopoles, Class. and Quant. Grav. 19 (2002) 6147 [hep-th/0208108].

[34] G.T. Horowitz and A.A. Tseytlin, A new class of exact solutions in string theory, Phys. Rev.

D 51 (1995) 2896 [hep-th/9409021].

[35] D.A. Leahy Scalar and neutrino fields in the Gödel universe, Int. J. Theor. Phys. 21 (1982) 703.

[36] M. Novello, N. F. Svaiter, and M.E.X. Guimaraes Synchronized frames for Gödel’s universe, CBPF-NF-031-91.

[37] P. Roger, A remarkable property of plane waves in general relativity, Rev. Mod. Phys. 37 (1965) 215.

[38] D. Brecher, J.P. Gregory and P.M. Saffin, String theory and the classical stability of plane waves, Phys. Rev. D 67 (2003) 045014 [hep-th/0210308].

[39] G.W. Gibbons, Quantized fields propagating in plane wave space-times, Commun. Math.

Phys. 45 (1975) 191.

[40] D. Marolf and L.A. Pando Zayas, On the singularity structure and stability of plane waves, J.

High Energy Phys. 01 (2003) 076 [hep-th/0210309].

[41] E. Poisson and W. Israel, Internal structure of black holes, Phys. Rev. D 41 (1990) 1796. [42] T.S. Levi and S.F. Ross, Holography beyond the horizon and cosmic censorship, Phys. Rev. D 68 (2003) 044005 [hep-th/0304150].

– 17 –

[43] A. Giveon, E. Rabinovici and A. Sever, Beyond the singularity of the 2D charged black hole, J. High Energy Phys. 07 (2003) 055 [hep-th/0305140].

[44] R. Biswas, E. Keski-Vakkuri, R.G. Leigh, S. Nowling and E. Sharpe, The taming of closed time-like curves, hep-th/0304241.

[45] S.W. Hawking, Quantum coherence and closed timelike curves, Phys. Rev. D 52 (1995) 5681 [gr-qc/9502017].

[46] E. Radu, On the euclidean approach to quantum field theory in Göedel space-time, Phys. Lett.

A 247 (1998) 207.

[47] E. Radu and D. Astefanesei, Quantum effects in a rotating spacetime, Int. J. Mod. Phys. D 11 (2002) 715 [gr-qc/0112029].

[48] B.S. Kay, THE principle of locality and quantum field theory on (nonglobally hyperbolic) curved space-times, Rev. Math. Phys. SI1 (1992) 167.

[49] R.M. Wald, Dynamics in nonglobally hyperbolic, static space-times, J. Math. Phys. 21 (1980) 2802.

[50] A. Ishibashi and R.M. Wald, Dynamics in non-globally-hyperbolic static spacetimes, II.

General analysis of prescriptions for dynamics, Class. and Quant. Grav. 20 (2003) 3815 [gr-qc/0305012].

[51] M. Rooman and P. Spindel, Gödel metric as a squashed anti-de Sitter geometry, Class. and Quant. Grav. 15 (1998) 3241 [gr-qc/9804027].

[52] Y. Hikida and S.-J. Rey, Can branes travel beyond CTC horizon in Gödel universe?, Nucl.

Phys. B 669 (2003) 57 [hep-th/0306148].

– 18 –